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Abstract 

In this paper, additional properties of the lower gamma functions and the error 
functions are introduced and proven. In particular, we prove interesting relations 
between the error functions and Laplace transform. 
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1 Introduction 

Definition 1.1. The lower incomplete gamma function is defined as: 

jisjx) = f 

Jo 

Clearly, 7(5,0;) —> r(s) as x —> 00. The properties of these functions are listed in 
many references( for example see [ 2 ], [S] and [ 1 ]). In particular, the following properties 
are needed: 

Proposition 1.2. |2]/ 

1 . j(s + l,x) = 57(5, x) — x^e~^, 

2 . 7(1, x) = 1 — e~^, 

3 . 7 (|, x) = U?erf (Ui). 
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2 Main Results 


Proposition 2.1. l^For a < 0 and a + b > 0 


a 


'0 


Proposition 2.2. For a 7 ^ 0 

rVi 




Proof. The substitution u = r"^ gives 

rVi 1 

/ dr = 


2 a®+^ 


—u j ^ ,S + 1 2 ,\ 

e u 2 du = -— 7 (-,a t). 

2a"+i 2 ' ’ 


Proposition 2.3. 


Proof. 


7]^ f '^^dt = j(x, 7]^) 

Jo 


l{x,7]^) 


i-vi 





X—1 


7 " l^p-^e-^^dt 

Jo 


□ 


□ 


The incomplete gamma function 'y{a,t) satisfies 


Lemma 2.4. For t > 0, 


7(a,t) = 


(‘tt/2 


T{b) 


7 (a + b,t sec\e)) cos"“-^( 0 ) sin"'’-^^)^^. 


Proof. The strip {{x,y) : 0 < x < y/i, ?/ > 0} is mapped to {(r, 0) : 0 < r < y/isec{9), 0 < 
9 < 7 r/ 2 }, where x = rcos{9) and y = rsin( 6 '). 

Now, Using the substitutions z = x^ and v = we get 


-x/i 


e ^dydx = 





dvdz. 


0 JO 
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This result gives 


(2.1) 


nCxD 

e~^ z°‘~^e~'"v’^~^dvdz 

py/i poo 

= 4 / / e-^'x^^^-^e-y'y^^-^dydx 

Jo Jo 

j'i i'y/tsec{9) 

=4 / / .^.2a-l 

Jo Jo 


‘^b-l t n\„2a+2b-l 


cos"“-'(0) sin"'’-'(0)e-’’ r 


drdd. 


Using Proposition 12.21 and Equation 12.11 we get 


r‘ir/2 


7(a,t)r(6)=2 / 7(a + 6, t sec^( 6 ')) cos"^" ^( 6 *)sin^* ^{6)d6. 

Jo 


□ 


As a remark, in Lemma 12.4| if we let t —> oo then 'y{a,t) —> r(a) and 7(0 + 
b,tsec‘^{9)) —> r(a + b). This proves the well-known result that is 

(2.2) /3(a,6) = = 2 / ^ cos2“-U0) sin2^-V0)d0. 

T{a + b) Jq 

As a manner of fact, one can easily show that 

It is Known that the gamma function satisfies the property 

Proposition 2.5. The gamma function T satisfies 

r(l — a)r(a) = 7rcsc(7ra). 


The following is an extension of this result 
Lemma 2.6. For t > 0, 

7(a,f)r(l - a) = 2 [ cot 2 “-i( 0 )d 0 

Jo 

i>ttI2 

=7rcsc(7ra) — 2 / cot^““^(6')d6'. 

Jo 

Proof. Proposition 11.21 implies 

(2.3) 7 (l,tsec"( 0 )) = 

Then Lemma [2.41 with 6 = 1 — a gives the result. 

This lemma gives the following 


□ 
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Proposition 2.7. For — 1 < a < 0, 

r°° 1 - e-' 


'0 


ti- 


dt = 


r(a + 1) 


Proof. Using Lemma [2. II we get 


a 


Jo 

Multiply both sides by r(l — 6) and use Lemma [2.61 to get 

_ T{l-b)r{a + b) r f ^ ^-tsecHe)^^a-i ^Q^dOdt. 

® Jo Jo 

Interchange the order of the integral and use the substitution u = tsec^{9) to get: 
r(l -b)T{a + b) _ f f 1 -^du) [2 I ' cos2“+2^-^(0) sini-2^(0)d0d0^ . 


a \Jo 

Use Equation 12.21 to get the result. 
Corollary 2.8. The error function satisfies 


eTi{'/cd) =[ 7 (^ + 6 ,atsec^( 6 '))sin^^ ^{9)d6. 

\/7rr(6) Jo 2 


In particular, 


2 


-atsec^ie)^Q_ 


2 T^ 

erf(\/^) = 1 -/ 

^ Jo 

Proof. By Lemma [2.41 with a = 1/2 and Proposition 11.21 we get 


Therefore, 


TTerf(\/^) = 7 ( 1 / 2 , at) =f 7 (^ + 6 , atsec^( 6 ')) sin^^ ^{9)d9. 

r(o) Jo 2 

erf(\/^) = —— f j (—h &, at sec^( 6 ')) sin^^“^( 6 ')d 6 '. 


V^r(b) Jo 2 

The last equation with 6 = 1 gives 


erf(\/^) = — [ 7 ( 1 , at sec^( 6 *))d 6 '. 

^ Jo 


Using Equation 12.31 implies 


erf(^/^) = - f ' 7(l,atsec2(0))d0 = 1 - - I ' 
TT Jo tt Jo 


^^1d9. 


i.e., 


(2.4) 


erfc(\/^) = 1 — erf(\/^) = — [ 

TT Jo 


2 2 

' aisec 






□ 


□ 
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Multiplying Equation 12.41 by implies 


(2.5) 


e“*erfc(\/^) = 


t/2 


—at tan^ 




TT 


Equation 12.41 gives the following results 

Lemma 2.9. 


( 2 . 6 ) 


2 

f{t) eTic{a-\/t)dt = — / F{a^ sec^{9))d6 = 


F{s^ 


2a 


TT Ja sVs^ - 


-.ds, 

i ' 


where F[s) = {Cf){s) is the Laplace transform of f{t) 
Proof. Equation 12.41 implies 

2 poo ^7r/2 


f{t) eTfc{aVi)dt = — 

71 


'0 Jo 


By interchanging the order of the integral, we get: 


(2.7) 


f{t) eiic{a^/t)dt = — 


2 ^7r/2 noo 


7T 


/(t)e-'“ """ ^^'^d9dt. 


f^^^e-^P^eP(<^ldtd9. 


'0 JO 


Now, Since the Laplace transform is given as F{s) = (£/)(s) = /„°°/(f)e ^^dt, then 


( 2 . 8 ) 


f^ty-tPsecHe)dt = F{a‘^sec‘^{9)). 


Then Equations 12.71 and 12.91 prove the result that 

2 


f{t)eiic{aVt)dt=— / F{a^ sec^ {9))d9. 


TT 


In addition, the substitution s = a sec^ 9 implies that 

2 2n r°° 

F{a? sec^{9))d9 = 


F{s^ 


TT 


TT Ja S-\/s^ - 


^ds. 


□ 


Corollary 2.10. For r > —1, 


’ rfr + -1 

F eTic{ay/i)dt = ^ 


2ar(r + 1) 


+ ^) 


TT 


g2r+3^g2 _ g2 


ds. 


Moreover, for /r > — 1 


F eTfc{at)dt 


1 r(i + f) 

0ra^+i(l + yu)' 


5 





















Proof. Lemma 12.91 implies that 


I 2 /■V2 p/'j, 1 

f eiic{a\/t)dt = — / — —dO. 


Use Equation 12.21 to get that 

^7r/2 Y 


/o [a? sec^ 


dO = 


^2r+2 / 
“ JO 


TT 7o sec^ 6*)'”+^ 

(cos^ ey+^de = 


1 r-'", __ 1 r(r + f)^ 


Therefore, 

(2.9) 


„2r+2 2 r(r + 2 ) 
r(r + I) 

vr" ' "^2a2'’+2r(r + 2) + r) ’ 


rerfc(a\/t)dt =-r(r + l) 


Now, the substitution u = \/t into equation 12.91 with a = 1 gives that 

poo poo Y(r + -) 

2 / eTic{u)du = / P eTfc{y/t)dt = ^ 


V^(l + r)' 


Hence, 


Lastly, 


’ . w 1 r(^ + |) 1 r(i + f) 

^ ^ 2 0F(1 + ^) l + /r 


eiic{at)dt = 




P ei{c{t)dt = 


1 r(i + f) 

0ra^+i(l + p) ■ 


□ 


Following similar proof of Lemma 12.91 and using Equation 12.51 we get the following 
result 

Lemma 2.11. 

poo 2 /•^/2 fOO pp(iP\ 

(2.10) / e°'^^f{f) eiic{a\/t)dt = — / F(a^ tan^(6'))(i6'= — / —--ds, 

Jo ttJo tt s^ + a^ 

where F{s) = {Cf){s) is the Laplace transform of f{t). 

Corollary 2.12. For r > —1, 

r eTic{aVi)dt = + H ^- ds. 

Jo ^ Ja s^^+ys^ + a^) 

Substitute the Laplace transform of the dirac delta function f{t) = 6{t — b) which is 
F{s) = into Equations 12.61 and 12.101 to get that 

Proposition 2.13. 


( 2 . 11 ) 

Also, 

( 2 . 12 ) 


"OO 


TT 


tyjF — 


dt = — erfcfafo). 
2a ^ ’ 


r-cxD 

e ,. tt 2ft2 


dt = —6°“ ^ erfc(a6). 


F + 2a 
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